A note on the foundation of relativistic mechanics 



II: Covariant hamiltonian general relativity 
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I illustrate a simple hamiltonian formulation of general relativity, derived from the work of Esposito, 
Gionti and Stornaiolo, which is manifestly 4d generally covariant and is defined over a finite dimen- 
sional space. The spacetime coordinates drop out of the formalism, reflecting the fact that they 
are not related to observability. The formulation can be interpreted in terms of Toller's reference 
system transformations, and provides a physical interpretation for the spinnetwork to spinnetwork 
transition amplitudes computable in principle in loop quantum gravity and in the spin foam models. 



I. THE PROBLEM 

In the companion paper jjj I have discussed the possi- 
bility of a relativistic foundation of mechanics and I have 
argued that the usual notions of state and observable 
have to be modified in order to work well in a relativistic 
context. Here I apply this point of view to field theory. 
In the context of field theory, the relativistic notion of 
observable suggests to formulate the hamiltonian theory 
over a finite dimensional space, for two reasons. First 
the space of the relativistic ( "partial" Q ) observables of 
a field theory is finite dimensional. Second, the infinite 
dimensional space of the initial values of the fields, which 
is the conventional arena for hamiltonian field theory, is 
based on the notion of instantaneity surface, which has 
little general significance in a relativistic context. The 
possibility of defining hamiltonian field theory over a fi- 
nite dimensional space has been explored by several au- 
thors (See ||-||], and ample references therein), develop- 
ing the classic works of Weil || and De Ponder |7| on the 
calculus of variations in the 1930's. In section |jl briefly 
illustrate the main lines of this formulation using the ex- 
ample of a scalar field, and I discuss its relation with the 
relativistic notions of state and observable considered in 
M . I then apply these ideas to general relativity (GR) in 



Section III 



Unraveling the hamiltonian structure of GR has taken 
decades. The initial intricacies faced by Dirac S and 
Bergmann Q were slowly reduced in various steps, from 
the work of Arnowit, Deser and Misner all the way 
to the Ashtekar formulation and its variants. Here, 
I discuss a far simpler hamiltonian formulation of GR, 
constructed over a finite dimensional configuration space 
and manifestly 4d generally covariant. The formulation 
is largely derived from the work of Esposito, Gionti and 
Stornaiolo in JT^ ]. (On covariant hamiltonian formula- 
tions of GR, see also I discuss two interpreta- 
tions of this formalism. The first uses the coordinates, 
while the second makes no direct reference to spacetime. 
The four spacetime coordinates drop out from the for- 
malism (as the time coordinate drops out from the ADM 



formalism) in an appropriate sense. I find this feature 
particularly attractive: the general relativistic spacetime 
coordinates have no relation with observability and a for- 
mulation of the theory in which they do not appear was 
long due. 

I expect this formulation of GR to generalize to any 
matter coupling and to any diffcomorphism invariant the- 
ory. I think that it sheds some light on the coordinate- 
independent physical interpretation of the theory and 
helps clarifying issues that appear confused in the hamil- 
tonian formulations which are not manifestly covariant. 
In particular: what are "states" and "observables" in 
a theory without background spacetime, without exter- 
nal time and without an asymptotic region? I close dis- 
cussing the relevance of this analysis for the problem of 
the interpretation of the formalism of quantum gravity. 
The formulation presented can be interpreted in terms of 
Toller's reference system transformations [ fl9|| , and pro- 
vides a physical interpretation for the spinnetwork to 
spinnetwork transition amplitudes which can be com- 
puted in principle in loop quantum gravity 20 and in 
the spinfoam models plj . 



II. RELATIVISTIC 
HAMILTONIAN FIELD THEORY 

There are several ways in which a field theory can be 
cast in hamiltonian form. One possibility is to take the 
space of the fields at fixed time as the (nonrelativistic) 
configuration space Q. This strategy badly breaks special 
and, in a general covariant theory, general relativistic 
invariance. Lorentz covariance is broken by the fact that 
one has to choose a Lorentz frame for the t variable. I find 
far more disturbing the conflict with general covariance. 
The very foundation of general covariant physics is the 
idea that the notion of a simultaneity surface all over 
the universe is devoid of physical meaning. Seems to me 
that it is better not to found hamiltonian mechanics on 
a notion devoid of physical significance. 

A second alternative is to formulate mechanics on the 
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space of the solutions of the equations of motion. The 
idea goes back to Lagrange. In the generally covariant 
context, a symplectic structure can be defined over this 
space using a spacelike surface, but one can show that 
the definition is surface independent and therefore it is 
well defined. This strategy as been explored by Witten, 
Ashtekar and several others |18|. The structure is viable 
in principle, but very difficult to work with in practice. 
The reason is that we do not know the space of the solu- 
tions of an interacting theory Therefore we must either 
work over a space that we can't even coordinatize, or 
coordinatize the space with the initial data on some in- 
stantaneity surface, and therefore, effectively, go back to 
the conventional fixed time formulation. Thus, this for- 
mulation has the merit of telling us that the hamiltonian 
formalism is actually intrinsically covariant, but it does 
not really indicate how to effectively deal with it in a 
covariant manner. 

The third possibility, which I consider here, is to use a 
covariant finite dimensional space for formulating hamil- 
tonian mechanics. I noticed in the companion paper |l]] 
that in the relativistic context the double role of the 
phase space, as the arena of mechanics and the space 
of the states, is lost. The space of the states, namely 
the phase space T is infinite dimensional in field theory, 
virtually by definition of field theory. But this does not 
imply that the arena of hamiltonian mechanics has to be 
infinite dimensional as well. In particular, a main result 
of |l[] is that the natural arena for relativistic mechanics 
is the extended configuration space C of the partial ob- 
servables. Is the space of the partial observables of a field 
theory finite or infinite dimensional? 

Consider a field theory for a field 4>(x) with k compo- 
nents, defined over spacetime M with coordinates x, and 
taking values in a k dimensional target space T 



M 



T 

<j>(x) 



(1) 



For instance, this could be Maxwell theory for the electric 
and magnetic fields <p — (E,B), where k = 6. In order 
to make physical measurements on the field described 
by this theory we need k measuring devices to measure 
the components of the field <f>, and 4 devices (say one 
clock and three devices giving us the distance from three 
reference objects) to determine the spacetime position x. 
Field values <j) and positions x are therefore the partial 
observables of a field theory. Therefore the operationally 
motivated extended configuration space for a field theory 
is the finite dimensional 4+fc dimensional space 



C = M x T. 



(2) 



A correlation is a point (%, <f>) in C. It represents a cer- 
tain value (</>) of the fields at a certain spacetime point 
(a;). This is the obvious generalization of the (t,a) cor- 
relations of the pendulum of the example in [jj] . 

A motion is a physically realizable ensemble of cor- 
relations. A motion is determined by a solution 4>{x) 



of the field equations. Such a solution determines a 4- 
dimensional surface in the (4+/c dimensional) space C: 
the surface is the graph of the function ([j]). Namely the 
ensemble of the points (x,(f>(x)). The space of the solu- 
tions of the field equations, namely the phase space F, 
is therefore an (infinite dimensional) space of 4d surfaces 
in the (4+fc)-d configuration space C. Each state in T 
determines a surface in C. 

Hamiltonian formulations of field theory defined di- 
rectly on C = M x T are possible and have been studied. 
The main reason is that in a local field theory the equa- 
tions of motion are local, and therefore what happens at 
a point depends only on the neighborhood of that point. 
There is no need, therefore, to consider full spacetime to 
find the hamiltonian structure of the field equations. I 
refer the reader to |||5| the ample references therein, and 
especially the beautiful and detailed j| . What comes be- 
low is a very simple and self-contained illustration of the 
formalism. 

The difference with the finite dimensional case is that 
curves in C are replaced by 4d surfaces. Thus, we need 
a hamiltonian formalism determining these four dimen- 
sional surfaces in C. At a point p of C, a curve has a 
tangent, leaving in T p C, the tangent space of C at p. A 4d 
surface has four independent tangents A" M , or a "quadri- 
tangent" X = e^ pr7 X^ ® X v <g> X p (g> X a . 

Consider a self interacting scalar field 4>{x) defined on 
Minkowski space Ai, with interaction potential V (</>). Its 
field equation 



m 2 (j) - 



= 



(3) 



can be derived from a hamiltonian formalism as follows. 
To test the theory (^) we need five measuring devices: a 
clock reading x°, three devices that give us the spatial 
position x, and a device measuring the value of the field 
cj). Therefore, the space C of the partial observables is the 
the five dimensional space C — M. x T, with coordinates 
(x, (j>). Here T = Ft is the target space of the field: <fi £ 
T. Let f2 be a lOd space with coordinates (a;, 0,p,p M ) 
carrying the the Poincare-Cartan four-form 



pd A x d(j) A d 3 x fJ 



(4) 



Here d A x = dx 1 A dx 2 A dx 3 A dx A and d 3 x f _ l = d i x(d ll ). 
(Geometrically, Vt, is not the cotangent space of C; it is a 
subspace of the bundle of its four-forms, or a dual first 
jet bundle B.) Consider the constraint 



H =p+ 



V {<!>)) = 



(5) 



on f2. (H-p is the DeDonder-Weyl hamiltonian function.) 
Let oj be the restriction of the five form d8 to the surface 
T, defined by H = 0. Then the solutions of (j^) are the 
orbits of uj. An orbit of lu is an integral surface of its null 
quadrivectors. That is, it is a 4d surface immersed in £ 
whose quadri-tangent X satisfies 



lo(X) = 0. 



(6) 
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For simplicity, let's say that this surface can be coordina- 
tized by x^, that is, it is given by (a;, <j>(x), p v (x)) . Then 
cf>{x) is a solution of the field equations (||). Thus, @ is 
equivalent to the field equations (||). 

A state determines a 4d surface (x, 4>(x)) in the ex- 
tended configurations space C. It represents a set of com- 
binations of measurements of partial observables that can 
be realized in nature. The phase space T is the space of 
these states, and is infinite dimensional. 

In the classical theory, a state determines whether or 
not a certain correlation (x,(f>), or a certain set of corre- 
lations (xi, 4>i) ■ ■ ■ {x n , 4> n ), can be observed. They can 
be observed iff the points (xi,<fri) lie on the 4d surface 
that represents the state. Viceversa, the observation of 
a certain set of correlations gives us information on the 
state: the surface has to pass by the observed points. In 
the quantum theory, a state determines the probability 
amplitude of observing a correlation, or a set of correla- 
tions. 

Notice that there is an important difference between 
a finite dimensional system and a field theory. For the 
first, the measurement of a finite number of correlations 
can determine the state. In the quantum theory, a sin- 
gle correlation may determine the state. For instance, 
if we have seen the pendulum in the position a at time 
t, we then know the quantum state uniquely. It follows 
that quantum mechanics determines uniquely the proba- 
bility amplitude W(a! , t'\ a, t) for observing a correlation 
(a' , t') after having observed a correlation (a, t). Clearly 

W(a',t';a,t) = {a',t'\a,t) (7) 

where \a,t) is the eigenstate of the Heisenberg opera- 
tor a(t) with eigenvalue a. In field theory, on the other 
hand, an infinite number of measurement is required in 
principle to uniquely determine the state. We can mea- 
sure any finite number of correlations, and still do not 
know the state. Predictions in field theory are therefore 
always given on the basis of some a priori assumption 
on the state. In quantum theory, this additional assump- 
tion, typically, is that the field is in a special state such as 
the vacuum. Thus, a prediction of the quantum theory 
takes the following form: if the system is in the vac- 
uum state and we observe a certain set of correlations 
(xi, 4>\) ■ ■ ■ (x n , <j) n ), what is the probability amplitude 

W(ari,0i . ..x' n ,,(j)' n ,;x !,<!>! . ..x n ,(f> n ) (8) 

of observing a certain other set (x[ ,(/>[)... (x' n , , <f>' n , ) of 
correlations ? The quantities (^) are directly related to 
the usual n point distributions of field theory. The rela- 
tion is the same as the one that transforms the position 
basis to the energy basis for an harmonic oscillator, that 
is, for instance 

W(x', cj>'; x, <f>) = Yj^W)^) 

(n,x\m,x) (9) 

n,m 

where \n, x) ~ (af(x)) n |0) is the state with n particles in 
x. The distributional character of these quantities will 
be studied elsewhere. 



For later comparison with GR, notice that the space- 
time component A4 of the relativistic configuration space 
C = M. x T is essential in the description, since the pre- 
dictions of the theory regard precisely the dependence of 
the partial observable <j> on the partial observables x^. 

The simplicity, covariance and elegance of this hamil- 
tonian formulation is quite remarkable. I find it par- 
ticularly attractive from the conceptual point of view, 
because the notions of observable and state on which it 
is based are operationally well founded, relativistic and 
covariant. I now apply these ideas to GR. 

III. COVARIANT HAMILTONIAN GR 

GR can be formulated in tetrad-Palatini variables as 
follows. I indicate the coordinates of the spacetime man- 
ifold M as x^, where /i = 0, 1, 2, 3. The fields are a tetrad 
field and a Lorentz connection field Ajf (antisymmet- 
ric in IJ) where I = 0, 1, 2, 3 is a 4d Lorentz index, raised 
and lowered with the Minkowski metric. The action is 

S = J ey v Ff a L e^euKL d 4 x (10) 

where is the curvature of Aj/ . The field equations 
turn out to be 

D v {e J p ei)e^ = 0, e^ p K e IJKL = 0. (11) 

where is the covariant derivative of the Lorentz con- 
nection. The first equation implies that Aj/ is the spin 
connection determined by the tetrad field. Using this, 
the second is equivalent to the Einstein equations. That 
is, if (e^(x), Aj l J (x)) satisfy (|TT|), then the metric tensor 

9nv{x) — e li{ x ) e vi{^) satisfies the Einstein equations. I 
shall thus refer at (TO) as the Einstein equations. Below, 
these equations are derived from a hamiltonian formal- 
ism, derived from (l2| ]. 

A. First version 

Consider the (4+16+24) dimensional space C with co- 
ordinates (x^^^Aj/). We have C = M x T, where T 
is the target space on which the tetrad-Palatini fields of 
GR take value and M is the spacetime manifold on which 
they are defined. 

e 1 = e 1 ^ dx^, A IJ = A 1 ^ dx^ (12) 

are one- forms on C. For any function or form on C with 
Lorentz indices, the Lorentz covariant differential is de- 
fined by 

Dv 1 = dv 1 + A'jV 3 '. (13) 

I now introduce the main objects of the formalism: the 
form on C 
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Q= \ cijkl e 1 A e J A DA KL (14) 

and the presymplectic form u> = dO. (Notice that 
dA KL = d(Aj J dx^) = dAj J A dx^, because A 1 / and 
x^ are independent coordinates on C.) Now, the remark- 
able fact is that the presymplectic form uj defines GR 
completely. In fact, its orbits, defined by 

lu(X)=0 (15) 

where X is the quadritangent to the orbit, are the so- 
lutions of the Einstein equations. That is: assuming 
for simplicity that the x M coordinatize the orbit, namely 
that the orbit is given by (x^ 1 , ej(x), Aj J (x)), then it fol- 
lows from (|l^) that (ej(x), Aj/ (x)) solve the Einstein 
equations. Viceversa, if (ej(x), Aj J (x)) solve the Ein- 
stein equations, then (x M , ej(x), Aj (x)) is an orbit of 
u>. Equation ( jig ) is equivalent to the Einstein equations. 
The demonstration is a straightforward calculation given 
in the Appendix. 

B. Second version 

The simplicity of the formulation of GR described 
above is quite striking. I find the following observations 
even more remarkable. The space C contains the field 
variables Aj/ and ej as well as the spacetime coordinates 
x^. Since the theory is coordinate invariant, we are in a 
situation analogous to the finite dimensional cases of the 
relativistic particle, or the cosmological model, described 
in |y]. In those examples, the unphysical lagrangian evo- 
lution parameter t dropped out of the formalism; not 
surprisingly, since it had nothing to do with observabil- 
ity. Here, similarly, we should expect the coordinates x M 
to drop out of the formalism. In fact, it is well known 
that the gauge invariant quantities of GR are coordinate 
independent. They are obtained by solving away the co- 
ordinates from quantities constructed out of the fields. 
Therefore the theory should actually live on the sole field 
space T with coordinates Aj J and ej, without reference 
to the spacetime coordinates x^. Is this possible ? 

The remarkable aspect of the expression (|TJ) of the 
form 9 is that the differentials of the spacetime coordi- 
nates dx^ 1 appear only within the one-forms e 1 = ejdx^ 
and A IJ = A 1 / dx^ 1 . This fact indicates that the sole role 
of the x* 1 is to arbitrarily coordinatize the orbits in the 
40d space of the fields {ej, Aj J ). We can therefore rein- 
terpret the formalism of the previous section dropping 
the spacetime part of C. 

Let V be a 4d vector space. Clearly V is not spacetime; 
it can be interpreted as a "space of directions" . Let C be 
the 40d space of the one-forms (e 7 ,j4 /J ) on V. Notice 
that C is the space C — V* <g> V of the 4d one-forms with 
value in the algebra P of the Poincare group. Choosing 
a basis a M in V, the coordinates on C are (ej, Aj J ) and 



C can be identified with the target space T of the tetrad- 
Palatini fields. Consider a 4d surface immersed in C. The 
tangent space T p to this surface at a point p = (e 1 , A IJ ) 
is a 4d vector space. This space can be identified with 
V. In particular, given an arbitrary choice of coordinates 
x M on the surface, we identify the basis <9 M of T p with the 
basis a M of V. Therefore we have immediately the ten 
one-forms (e I ,A IJ ) on the tangent space T p . That is, 
e 1 ^) = ej and A IJ (dJ = Aj J . 

Consider now a form a = aide 1 + c*udA IJ on C. a is 
a one-form on T p (valued in the one- forms over C), and 
we can write ct(d^) = aidej + aijdAj J . But notice that 
a determines also a two-form on T p by 

a(d,i®d v ) = ai df.ej + a u d^Aj J . (16) 

It follows that w — dO, with 9 given by (|lj), acts on 
multivectors in T p . In particular, it acts on the quadri- 
tangent X = e^ vpa 'dpt&dvQdpt&d,, of T p . The vanishing 
( |l5| ) of lu(X) is equivalent to the Einstein equations (see 
Appendix) . 

Therefore the theory is entirely defined on the 40d 
space C. The states are the 4d surfaces in C, whose tan- 
gents are in the kernel of d9. This is all of GR. The 
spacetime part MofC~MxCis eliminated from the 
formalism. The only residual role of the x 11 is to arbitrar- 
ily parametrize the states, precisely as for the unphysical 
lagrangian parameter in the examples of jjj. Below I 
study the physical interpretation of C. 

IV. PHYSICAL INTERPRETATION OF C 

A. Classical theory: reference system 
transformations 

As discussed in |lj , in general, coordinates of the ex- 
tended configuration space C are the partial observables 
of the theory. A point in C represents a correlation be- 
tween these observables, that is, a possible outcome of 
a simultaneous measurements of the partial observables, 
which give information on the state of the system, or that 
can be predicted by the theory. What are the partial 
observables and the correlations of GR captured in the 
space CI Can we give the space of the Poincare algebra 
valued 4d one-forms C a direct physical interpretation? 

Assume that the measuring apparatus includes a ref- 
erence system formed by physical objects defining three 
orthogonal axes and a clock. Following Toller [Q, we 
take a transformation T of the Poincare group (in the 
reference system) as the basic operation defining the the- 
ory. That is, assume that the basic operation that we can 
perform is to displace the reference system by a certain 
length in a spacial direction, or wait a certain time, or 
rotate it by a certain amount, or boost it at a certain 
velocity. The operational content of GR can be taken 
to be the manner in which the transformations T fit to- 
gether [p9|. That is, we assume that a number of these 
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transformations, T~\,...,T ni can be performed and that it 
is operationally meaningful to say that two transforma- 
tions Ti and Tj start at the same reference system, or 
arrive at the same reference system, or one starts where 
the other arrives. We identify one transformation as the 
measurement of a partial observable (the value of the 
partial observable is given by the Poincare group clement 
giving the magnitude of the transformation). 

A set of such measurements is therefore an oriented 
graph 7 where each link I carries an element Ui of the 
Poincare group. Arbitrarily coordinatize the nodes of 
the graph with coordinates y. In the classical theory, we 
assume that arbitrarily many and arbitrarily fine trans- 
formations can be done, so that we can take the ele- 
ments of the Poincare group as infinitesimal, namely in 
the algebra, and the coordinates y as smooth. An in- 
finitesimal transformation can therefore be associated to 
an infinitesimal coordinate change dy. As there is a lOd 
algebra of available transformations, there is a lOd space 
of infinitesimal transformations and the coordinates y are 
ten dimensional. However, it is an experimental fact - 
coded in the theory- that rotations and boosts close and 
realize the Lorentz group. That is, the relations between 
sets of physical rotations or boosts are entirely deter- 
mined kinematically by the Lorentz group. The same is 
not true for displacements. Therefore the space of the 
t/'s is naturally fibrated by 6-d fibers isomorphic to the 
Lorentz group [|l9| . Coordinatize the remaining 4d space 
(the space of the fibers) with 4d coordinates x^ . It follows 
that the non-trivial infinitesimal transformations assign 
an element of the Poincare algebra V to an infinitesimal 
displacement dx^ . A single correlation is then the de- 
termination of a Poincare algebra element for each dx^ . 
The space of the correlations is therefore the space of the 
Poincare algebra valued 4d one-forms, which is precisely 
C. 

We can restrict the partial observables to a smaller 
number. First, we are using a first order formalism with 
configuration variables as well as momenta. Either the e 1 
or the A IJ alone suffice to characterize a solution. With 
the first choice, we can take physical lengths and angles 
associated to the dx M displacements as partial observ- 
ables. With the second, we can take the Lorentz rota- 
tion part of the transformations T. This gives infinites- 
imal Lorentz transformations R IJ — Aj/dx^ as partial 
observables. We can also exploit the internal Lorentz 
gauge invariance of the theory to partially gauge fix the 
Lorentz group. As well known, for instance, A IJ can 
be gauge fixed to an element of so(3). Finally, one can 
further gauge fix by solving explicitly the dependence of 
some partial observables as functions of others; see for 
instance [^2j for a realistic way of doing this. I shall not 
deal with this possibility here. 



B. Quantum theory: spin networks 

In the quantum theory, quantum discreteness does not 
allow us to go to the continuous description. A finite set 
of partial measurements must therefore be represented 
by the graph 7 with elements of the Poincare group Ui 
associated the links I. If we restrict to configuration ob- 
servables we can take the Ui to be in the Lorentz group, 
or, in gauge fixed form, in the rotation group. In gen- 
eral, quantum theory gives the probability amplitude to 
observe a certain ensemble of partial observables, given 
that a certain other ensemble of observables has been 
observed. See Section IV of |[] and |^3| . Therefore, we 
should expect that the predictions of a quantum theory 
of GR can be cast in the form of probability amplitudes 
W{i,U' v ;-l,Ui). 

Now, the quantities W(7', U' v \ 7, Ui) are precisely of 
the form spinnetwork to spinnetwork transition ampli- 
tudes which can be computed, in principle, in loop quan- 
tum gravity (see pfj| , and references therein) and in the 
spinfoam models (see ]2l| and references therein). More 
precisely, we can write, in analogy with (^) 

W{i 7,^) = E^M^ MUi) (l',fh,j) (17) 

where f (respectively j) represents the possible labels of 
a spinnetwork with graph 7' (respectively 7), ipj(Ui) is 
the spinnetwork function on the group, and {j' , j) 
is the (physical) spinnetwork to spinnetwork transition 
amplitude. See for details. Therefore the hamil- 
tonian structure illustrated here provides a conceptual 
framework for the interpretation of these transition am- 
plitudes. Notice that no trace of position or time remains 
in these expressions. 

V. CONCLUSION 

The shift in perspective defended in the companion pa- 
per Q| is partially motivated by special relativity, but it 
is really forced by general relativity. The notion of initial 
data spacelike surface conflicts with diffeomorphism in- 
variance. A generally covariant notion of instantaneous 
state, or evolution of states and observables in time, make 
little physical sense. In a general gravitational field we 
cannot assume that there exists a suitable asymptotic re- 
gion, and therefore we do not have a notion of scattering 
amplitude and S matrix. In this context, it is not clear 
what we can take as states and observables of the theory, 
and what is the meaning of dynamics. In the paper Q| 
and in this paper I have attempted a relativistic foun- 
dation of mechanics, that could provide clean notions of 
states and observables, making sense in an arbitrary gen- 
eral relativistic situation, as well as in quantum theory. 

I have argued that mechanics can be seen as the the- 
ory of the evolution in time only in the nonrelativistic 
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limit. In general, mechanics is a theory of relative evo- 
lution of partial observables with respect to each other. 
More precisely, it is a theory of correlations between par- 
tial observables. Given a state, classical mechanics de- 
termines which correlations are observable and quantum 
mechanics gives the probability amplitude (or probability 
density) for each correlation. 

In this paper I have applied the ideas of Q to field the- 
ory. I have argued that the relativistic notions of state 
and observable lead naturally to the formulation of field 
theory over a finite dimensional space. The application 
of this formulation to general relativity leads to a re- 
markably simple hamiltonian formulation, in which the 
physical irrelevance of the spacetime coordinates becomes 
manifest. 

General relativity can be formulated simply as the pair 
(C,d9). C is the 40d space of the Poincare valued 4d 
one-forms, and 9 is given by (fl4"|). The orbits of d9 in 
C, solutions of equation (J15|), are the solutions of the 
Einstein equations and form the elements of the phase 
space r. This is all of general relativity. 

The compactness and simplicity of this hamiltonian 
formalism is quite remarkable. Notice for instance that 
the target space T, the extended configuration space C, 
the space f2 that carries the presymplectic form defining 
the theory and the constraint surface £ are all identified. 
The form 9 codes the dynamics as well as the symplectic 
structure of the theory. 

The disappearance of the spacetime manifold M and 
its coordinates x^ -which survive only as arbitrary pa- 
rameters on the orbits- generalizes the disappearance of 
the time coordinate in the ADM formalism and is anal- 
ogous to the disappearance of the lagrangian evolution 
parameter in the hamiltonian theory of a free particle 
jij. It simply means that the general relativistic space- 
time coordinates are not directly related to observations. 
The theory does not describe the dependence of the field 
components on a; M , but only the relative dependence of 
the partial observables of C on each other. 

We can give C a direct physical interpretation in terms 
of reference systems transformations. This interpretation 
is illustrated in Section IV. In the quantum domain, it 
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leads directly to the spin-network to spin- network ampli- 
tudes computed in loop quantum gravity. 



A, 



M 



d 4 x. 



It follows 



= d9 = 



KL 

L\ A j4„ 



+e^ pa e IJKL d{e'eiA K p M A aM L ) A d 4 x 



(18) 



(19) 



Coordinatize an orbit with the x p . The tangents are then 



X„ 



d 



d 



d a A 



i j 
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dx» del dA"' 



(20) 



The components of X = e^ 90 Xp®X v ®X p ®X a that give 
a nonvanishing contribution when contracting with u> are 
the ones with at least two dp = d/dx^ components. 
These are (I leave the ® understood in the notation) 

Xp = e» vp ° [ dpd„d p d c + 

+dpd v d p (d rT e I T )^ + dpd u d p (d tT A I r J ) + 



+ W ^4)A(a ff ^)_J_ 



From ( |19| ) and (21), we obtain 

lu(X) = K^del + KfjdA 1 ^ + Kpdx^, 

where 



F e' 



(21) 



(22) 



(23) 



while vanishes if Kj and Kjj do. It follows immedi- 
ately that uj(X) = give the Einstein equations (p"l]). 

The Einstein equations are obtained even more directly 
in the second version of the formalism. Of the four dp, 
three contract the three e 1 and A IJ forms, giving their 
components, and one contracts either de 1 ^ or dA\, J , leav- 
ing simply 



V 



lo(X) = Kfdel + KtjdA* 
where Kj and Kjj are again given by (|2J 



(24) 



APPENDIX 



Here we prove the claim that equations ( |l5| ) is equiv- 
alent to the Einstein equations (jll|). Let us first write to 
explicitly. We have from (O) 



r cijkl e^dx* A e J u dx y A 
(dA^ L A dx a + A* M dx p A A aM L dx a ) 
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